We introduce an invariant, called the contact number, associated with each Euclidean submanifold. We show that this invariant is, surprisingly, closely related to the notions of isotropic submanifolds and holomorphic curves. We are able to establish a simple criterion for a submanifold to have any given contact number. Moreover, we completely classify codimension-2 submanifolds with contact number 3. We also study surfaces in E 6 with contact number 4. As an immediate consequence, we obtain the first explicit examples of non-spherical pseudo-umbilical surfaces in Euclidean spaces.
The contact number
Throughout this paper, manifolds are assumed to be connected and without boundary and each Euclidean submanifold is of dimension 2. For a Riemannian manifold M , we denote by UM the unit tangent bundle of M .
Let M be an n-dimensional submanifold in E m . For a given point p ∈ M and a given u ∈ U p M , there is a unique unit speed geodesic γ u in M through p satisfying γ u (0) = p and γ u (0) = u. For the same pair (p, u), there is another canonical unit speed curve β u associated with (p, u) which is called the normal section (see [7] ) defined as follows. Let E(p, u) be the affine (m − n + 1)-subspace of E m through p spanned by u and the normal space T
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The geodesic γ u and the normal section β u at (p, u) are said to be in contact of order k if γ In this paper we introduce the notion of contact number as follows.
Definition 1.1.
A submanifold M in a Euclidean space is said to be in contact of order k if, for each p ∈ M and u ∈ U p M , the geodesic γ u and the normal section β u at (p, u) are in contact of order k. If the submanifold M is in contact of order k for every natural number k, the contact number c # (M ) of M is defined to be ∞. Otherwise, the contact number c # (M ) is defined to be the largest natural number k such that M is in contact of order k and but not of order k + 1.
In this paper we show that the contact number is, surprisingly, closely related to the notions of isotropic submanifolds and holomorphic curves. We prove that the contact number of each submanifold is at least 2; and it is at least 3 (respectively, 4) if and only if the submanifold is isotropic (respectively, constant isotropic). We also prove that a surface in a Euclidean space has contact number 3 if and only if it is a nonplanar holomorphic curve in a complex 2-plane C 2 . Also, we establish a simple criterion for a submanifold to have any given contact number. Moreover, we completely classify codimension-2 submanifolds with contact number 3. We also investigate surfaces in E 6 with contact number 4. As a consequence, we obtain the first explicit examples of non-spherical pseudo-umbilical surfaces in Euclidean spaces.
Basic notation and formulae
Let M be an n-dimensional submanifold in E m . We choose a local field of orthonormal frames {e 1 , . . . , e m } in E m such that, restricted to M , e 1 , . . . , e n are tangent to M and e n+1 , . . . , e m are normal to M . We denote by ∇ and∇ the Levi-Civita connections on M and E m , respectively. Let D denote the normal connection of M in E m . In the following, we use the following convention on the range of indices unless mentioned otherwise: 
3)
The second fundamental form h of M in E m is given by h = h For any two vectors x, y tangent to M and any vector ξ normal to M we havẽ 5) where A ξ is the shape operator of M in E m with respect to ξ. The second fundamental form and the shape operator are related by A ξ x, y = h(x, y), ξ .
4)
∇ x ξ = −A ξ x + D x ξ,(2.
The covariant derivative∇h of h with respect to T M ⊕ T ⊥ M is defined by (∇ x h)(y, z) = D x h(y, z) − h(∇ x y, z) − h(y, ∇ x z). (2.6)
Sometimes, we write (∇ x h)(y, z) as (∇h)(y, z, x). We put∇ 0 h = h. In general, the kth (k 1) covariant derivative∇ k h of h is given by
It is clear that∇ k h is a normal-bundle-valued tensor field of type (0, k + 2). We simply denote
by (∇ q h)(x q+2 ). From (2.6) and (2.7), we have
The equations of Gauss, Codazzi and Ricci are given, respectively, by
We need the following result for later use.
Lemma 3.2 (see [22]). A submanifold M is isotropic if and only if we have
for orthonormal vectors u, v tangent to M at each point. For isotropic submanifolds, we also have
for orthonormal vectors u, v, w tangent to M at each point.
We also need the following lemma for constant isotropic submanifolds.
Lemma 3.3. An isotropic submanifold M is constant isotropic if and only if we have
for orthonormal vectors u, v tangent to M at each point.
Proof . Assume that M is an isotropic submanifold, so we have 
Since M is isotropic, we obtain from (2.6) and (2.11) that
Since dim M is at least two, (3.5) implies the lemma.
Similarly, we also have
for any isotropic submanifold.
Lemma 3.4. An isotropic submanifold M is constant isotropic if and only if we have
for any vector u tangent to M at each point. A Euclidean submanifold M is said to have geodesic normal sections if every normal section on M is a geodesic (see [10] ). All submanifolds M in E m with geodesic normal sections satisfy c # (M ) = ∞. A Euclidean submanifold M is called helical if geodesics of M , considered as curves in E m , have all Frenet curvatures constant and independent of the chosen geodesic. Helical immersions have been studied extensively (see, for example, [18, 24] ).
Chen and Verheyen proved the following results for submanifolds with geodesic normal sections.
Theorem A (see [10] Let λ k be the kth non-zero eigenvalue of the Laplacian ∆. Denote by V k be the eigenspace of ∆ with eigenvalue λ k . On V k we define an inner product by
In particular, if M = S 2 ( √ 3/a) denotes the 2-sphere with constant sectional curvature 3/a 2 , then ϕ
where 
where T = α (s) is the unit vector field tangent to α and ∇
. . , etc. Using (2.6), (2.8) and (2.9), Equation (4.4) can be rewritten as
Let γ u (s) and β u (s) denote, respectively, the unique geodesic and the unique normal section associated with a point p ∈ M and a vector u ∈ U p M so that γ u (0) = β u (0) = p and γ u (0) = β u (0) = u. For the geodesic γ u , we have ∇ T T = 0 along γ u , with T γ (s) = γ u (s). Thus we obtain from (4.2) and (4.3) that
On the other hand, for the normal section β u with β u (0) = p and β u (0) = u, we obtain from (4.2) that 
for some number λ 0 . Hence, we obtain from (4.7) that
For the normal section β u , we obtain from (4.3), (4.8) and (4.10) that
On the other hand, we find from (4.8) that
Combining (4.13) and (4.14) yields
Using (4.11), (4.12) and (4.15), we obtain γ u (0) = β u (0), which implies that the contact number is at least 3. This proves statement (2) . Now, let us assume that M is an isotropic submanifold. Then we have 16) where λ 0 is independent of the choice of u ∈ U p M for each p ∈ M . From (4.5), (4.16) and ∇ Tγ T γ = 0, we know that the geodesic γ u satisfies
Conversely, assume that M is constant isotropic. Then, by Lemma 3.3, we have
for any unit vector u tangent to M at each point, where λ 1 is a function on M .
For β u , we obtain from (4.5), (4.8), (4.10), (4.15) and (4.18) that
Clearly, U is a non-empty open subset U which is non-totally umbilical at every point. On U , let e 1 = u and e n = v. We extend e 1 , e n to a local field of orthonormal frames e 1 , . . . , e n . So, by Lemma 3.2, we may put
If h(e 1 , e j ) = 0 for some j ∈ {2, . . . , n− 1}, then (3.1), (3.2) and the isotropic condition imply that h(e j , e j ) = λe n+1 .
If h(e 1 , e j ) = 0 for some j ∈ {2, . . . , n}, then (3.1) implies that h(e 1 , e j ) is parallel to e n+2 ; and hence h(e j , e j ) is parallel to e n+1 . Thus, by (3.2) and the isotropy, we get h(e j , e j ) = −λe n+1 and h(e 1 , e j ) = ±λe n+2 . Without loss of generality, we may assume that
for some ∈ {2, . . . , n − 1}. If h(e 1 , e n−1 ) = 0, then (3.1) and (3.2) imply that
h(e n−1 , e n−1 ) = −λe n+1 and h(e n−1 , e n ) = 0 on U . Hence, by (3.3), we find h(e 1 , e n−1 ), h(e 1 , e n ) = 0, which is a contradiction. Thus, we obtain
Suppose that n 3. Then (3.2) and (5.3) imply that h(e 2 , e n ) = ±λe n+2 on U . On the other hand, by (3.3) and (5.3), we get h(e 1 , e n ), h(e 2 , e n ) = 0, which is a contradiction. Therefore, we obtain n = 2.
With respect to the orthonormal frame e 1 , e 2 , the shape operator satisfies
on U . Hence, U is a minimal surface. Since each point in the complement M − U of U is totally umbilical, continuity and (5.4) imply that each point in M − U is a totally geodesic point. Hence, the whose surface M is a minimal surface. When c # (M ) 4, M is constant isotropic. So, the equation of Gauss and (5.4) imply that M has constant Gauss curvature. Thus, by applying a result of [5, 23] , M is totally geodesic, which is a contradiction. Hence, we get c # (M ) = 3. Moreover, since M is minimal and non-totally geodesic, λ vanishes only at isolated points.
Let V be an oriented 2-plane through the origin in E 4 and u, v an oriented orthonormal basis of V . Then u ∧ v is a decomposable 2-vector of norm one which gives an orientation on V . Conversely, every decomposable 2-vector of norm one determines a unique 2-plane in E 4 through the origin. So, if we denote by G(2, 4) the Grassmannian consisting of all oriented 2-planes through the origin of E 4 , then G(2, 4) can be identified naturally with the decomposable 2-vectors of norm one in the Euclidean 6-space Λ 2 E 4 . Notice that the inner product on Λ 2 E 4 is given by
Since φ is minimal and non-totally geodesic, ν is a regular map except at some isolated points on which λ vanishes. It follows from (5.4) that the induced metric G on the Gauss image ν(M ) is given by
where g is the original metric on M . After a direct computation, we see that the second
It follows from (5.5), (5.6) and the equation of Gauss that the Gauss curvatureK of the Gauss image (ν(M ), G) is 2 at every point. Thus, it follows from Theorem 6.3 of [16] that M is a complex curve lying fully in C 2 , where C 2 denotes E 4 endowed with some orthogonal complex structure. The converse is easy to verify. Proof . This follows immediately from Theorem 5.1.
The following result is a very simple characterization of complex curves in C 2 .
Corollary 5.3. A surface M in E 4 satisfies c # (M ) = 3 if and only if it is a non-planar holomorphic curve with respect to some orthogonal complex structure on
Proof . This follows trivially from Theorem 5.1.
A surface M in C 2 is called Lagrangian if the complex structure J of C 2 interchanges each tangent space of M with its corresponding normal space.
Corollary 5.4. Every non-planar minimal Lagrangian surface M in the complex
Proof . This follows from Theorem 5.1 and a result of [9] which states that every minimal Lagrangian surface in C 2 = (E 4 , J) is a complex curve with respect to some orthogonal complex structure on E 4 .
A simple criterion for submanifolds to satisfy c # (M ) = k Theorem 6.1. A submanifold in a Euclidean space is in contact of order k (k 3) if and only if each u ∈ UM is an eigenvector of
Proof . When k = 3, this follows from Lemma 3.2 and Theorem 4.1. When k = 4, this follows from Lemma 3.3, Lemma 3.4 and Theorem 4.1. So, we only need to prove this theorem for k 5. In order to do so, let us prove the following.
Lemma 6.2. If M is in contact of order k 5, then, for each u ∈ UM, we have
for some functions λ j on UM.
Proof of Lemma 6.2. Let us assume that M is in contact of order k, k 5. Then Lemmas 3.2 and 3.4 and Theorem 6.1 imply that
for each u ∈ UM, where λ 0 is constant. It follows from (4.5) and (6.2) that the geodesic γ u with γ u (0) = p and γ u (0) = u satisfies
Differentiating (6.3) and applying (2.11) and (6.2) yields
In order to prove Lemma 6.2 for any k > 5 by induction, let us assume that M is in contact of order ( > 5) and Lemma 6.2 is true for k < . From our assumption we have
By differentiating (6.4) and by applying (2.7), (6.5) and (6.6), we find
where 9) and λ j (s) = λ j (γ u (s)) is the restriction of λ j along the unit tangent vector field T γ of γ u . Continuing such procedures − 6 times and applying (6.6), we obtain (6.10) where
are functions depending on the λ j and their derivatives with respect to T γ . From (6.5), (6.6) and (6.10), we find
where
Using (6.11), (6.12) and the fact that β u (0) lies in E(p, u), we conclude that u is an eigenvector of A (∇ −3 h)(u −1 ) . Thus, we obtain Lemma 6.2 for k = as well. So, we have proved Lemma 6.2 by induction.
Next, let us prove the converse of Lemma 6.2.
Proof of Lemma 6.3. We already have this lemma for k = 3, 4 according to Lemmas 3.2 and 3.4 and Theorem 4.1. Now we shall prove this lemma for k = 5. In order to do so, let us assume (6.14) where T = T β . Hence, by differentiating (6.14), we find
where λ j (s) = λ j (β u (s)) is the restriction of λ j along β u . Using (2.6) and (2.7), (6.15) can be restated as
16) 17) where each term of φ 5 is a vector bundle-valued tensor involving at least one of On the other hand, from the proof of Theorem 4.1, we have
Using (6.17), (i) and (ii), we get φ 5 (0) = 0. Hence, (6.16) reduces to
for v ∈ T p M perpendicular to u. On the other hand, by (i) and (ii) we also have
Combining this with (6.19) together with (i) and (ii) gives Next, we will prove Lemma 6.3 for general k by induction. In order to do so let us assume that, for any given > 5, Lemma 6.3 is true for k < and we also have
By differentiating (6.16) with respect to T = T β and by applying (2.11) and (6.22), we find
where φ 6 is a function such that each term of φ 6 is expressed in terms of a vector bundle-valued tensor involving at least one of Repeating such a procedure − 6 times yields 
Notice that all of the coefficients of T , (∇ T h)(T, T ), (∇
for each v ∈ T p M perpendicular to u. Next, we claim that (6.25) together with (i) and (ii) implies that
We can prove this claim inductively as follows: conditions (i) and (ii) imply that (6.26) holds for = 2, 3, 4. Let us assume that 5 and
holds for some integer q ∈ [4, − 1]. From these we find
Combining this with (6.25) gives ∇ u ∇ q−1 T T = 0. Thus, we obtain (6.26) by induction. Applying (6.24) and (6.26) we find
By comparing (6.11) and (6.29) and by applying (6.22), we have γ u (0) = β u (0), which implies that M is in contact of order . This proves Lemma 6.3. Now, Theorem 6.1 follows immediately from Lemmas 6.2 and 6.3.
Theorem 6.1 immediately implies the following.
Corollary 6.4. Every isotropic submanifold with parallel second fundamental form in a Euclidean space satisfies c # (M ) = ∞.
Remark 6.5. Not every Euclidean submanifold M with parallel second fundamental form satisfies c # (M ) = ∞. For instance, a circular cylinder R × S 1 in E 3 has parallel second fundamental form, but its contact number is 2, not ∞.
We apply Theorem 6.1 to show that the following torus has contact number 4.
Example 6.6. Consider the isometric immersion τ a : E
2 → E 6 defined by We put e 3 = −aφ,
The connection forms of T 
It is easy to verify that ψ is an isometric immersion. Moreover, a direct long computation shows that its shape operator satisfies for any e θ = cos θe 1 + sin θe 2 . Hence, this surface has contact number 6 according to Theorem 6.1.
Surfaces in E 6 with c # (M ) 4
A submanifold M is called pseudo-umbilical if its shape operator A H at the mean curvature vector is proportional to the identity map. From now on, let us assume that M is non-minimal in E 6 .
Case (i). M is flat.
Since M is assumed to be non-minimal, locally we may choose e 3 so that H = ae 3 , a = |H|. Because M is flat, there exists a local coordinate system {x, y} such that the metric tensor of M is given by g = dx 2 
where a = |H| is a positive constant due to constant isotropy. From (2.6), (7.2) and (7.3) we find If we put
8) then (7.7) and (7.8) give
By taking the exterior derivatives of ω 
Case (i)(a). η, q, ϕ = 0. In this case, the first two equations in (7.10) imply that µ/ϕ = ψ/η = p/q. So, we get pη − qψ = 0, which contradicts the third equation in (7.10). So, this case is impossible.
Case (i)(b)
. ϕ = 0. In this case, (7.9) and (7.10) imply η = −p and µη = µq = 0. If µ = 0, we obtain η = q = 0, which contradicts the third equation in (7.10). So, we must have µ = 0. So, we obtain from (7.9) that ψ = q. Hence, the third equation in (7.10) yields p 2 + q 2 = a 2 . Moreover, from (7.11), we also have
Since p 2 + q 2 = a 2 , we may put p = a cos θ(x, y), q = a sin θ(x, y) for some θ. Hence, θ is constant due to (7.12). Thus, the connection forms of M are given by ⎛
for some constants p, q. Now, let us consider a new field of orthonormal frame {ē 1 , . . . ,ē 6 } bȳ
The connection forms of the surface with respect to this new frame are given by ⎛
Since the surface T 2 a in Example 6.6 and the surface M above are both flat and they share the same connection forms, we conclude from the uniqueness theorem of submanifolds that M is congruent to an open portion of T 2 a in E 6 . It is known from § 6 that the contact number of T 2 a is 4. Case (i)(c). η = 0. In this case, (7.10) implies ψϕ = 0, qψ = −a 2 = 0. Thus, we have ϕ = 0. Thus, this case reduces to Case (i)(b).
Case (i)(d)
. q = 0. In this case, the last two equations in (7.10) imply ϕp = 0, pη = a 2 = 0. Thus, ϕ = 0. So, this reduces to Case (i)(b) as well.
Case (ii). M is non-flat.
Since M is constant isotropic, we may choose e 1 , . . . , e 6 as in Case (i) so that h(e 1 , e 1 ) = ae 3 + be 4 , h(e 2 , e 2 ) = ae 3 − be 4 , h(e 1 , e 2 ) = be 5 (7.15) for some functions a, b. It follows from constant isotropy and (7.15) that a 2 + b 2 is constant. Thus, the hypothesis 'the mean curvature or Gauss curvature is constant' implies that a, b are constant. So, M has constant mean curvature and constant Gauss curvature. Also, since M is assumed to be non-minimal, we have a = 0.
Case (ii)(a)
. b = 0. In this case, the surface is totally umbilical. Hence, M is an open portion of an ordinary 2-sphere in E 6 which has contact number ∞.
Case (ii)(b)
. b = 0. In this case, the first normal space Im h is spanned by e 3 , e 4 , e 5 . On the other hand, since a, b are constant, (2.6) and (7.15) Case (ii)(b)(1). DH = 0. In this case, M is immersed as a minimal surface in a hypersphere of E 6 , because M is pseudo-umbilical with parallel mean curvature vector (see [6] ). Since M is non-flat, the Gauss curvature of M is positive (cf. [4] ). So, M is immersed as a Veronese surface lying in a hypersphere of a hyperplane in E 6 according to Theorem 1.6 of [4] . The Veronese surface has contact number ∞.
Case (ii)(b)(2)
. DH = 0. In this case, we have ω (7.27) which implies that 
Using (2.7), (7.26) and (7.28), we obtain
If c # (M ) 5, (7.31) and Theorem 6.1 imply ψ = ± √ 3. When ψ = √ 3 holds, (7.28) yields µ = φ = 0. Similarly, if ψ = − √ 3 holds, we obtain λ = φ = 0. Suppose that ψ = √ 3 and µ = φ = 0 hold. Then (7.30) becomes
Hence, we may obtain from (7.25) and (7.32) that
Thus, by Theorem 6.1, we get λ = 0, which is a contradiction. Similarly, we also obtain a contradiction (given by µ = 0) if ψ = − √ 3 holds. Consequently, we have c # (M ) = 4 when M has non-parallel mean curvature vector. It is obvious that every surface given in (2)(b) lies fully in E 6 .
Classification of surfaces of Case (2)(b) in Theorem 7.1
The following result classifies surfaces of Case (2)(b) in Theorem 7.1. 6 whose normal bundle, second fundamental form, shape operator and normal connection are given, respectively, by E, h, A and D (see [6] ).
It follows from (8.5) and (8.6) that ψ a λ,µ is a pseudo-umbilical immersion with constant mean curvature a and whose mean curvature vector satisfies (8.3) with ξ = e 6 . Clearly, ξ is perpendicular to the first normal space at each point. Also, we know that the contact The partial differential system (8.1), (8.2) admits infinitely many non-trivial solutions. Here we provide some explicit solutions of this system. for some constant b = c 3 . If (9.11) and k = 1/(cv) hold, then we obtain from (9.2) that c = 0, which is a contradiction. If (9.11) and k = −c 2 tanh(cc 2 v) hold, then (9.2) implies that a = 0, which is also impossible.
